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Universal Taylor Series on products of planar
domains
K. Kioulafa, G. Kotsovolis, V. Nestoridis
Abstract
Using a recent Mergelyan type theorem for products of planar compact sets we
establish generic existence of Universal Taylor Series on products of planar simply
connected domains Ωi, i = 1, . . . , d. The universal approximation is realized by
partial sums of the Taylor development of the universal function on products of
planar compact sets Ki, i = 1, . . . , d such that C−Ki is connected and for at least
one i0 the set Ki0 is disjoint from Ωi0 .
AMS classification numbers: 30K05, 32A05, 32A17, 30A30
Keywords and phrases: Universal Taylor series, Mergelyan’s theorem, product of planar
sets, Baire’s theorem, abstract theory of universal series, generic property.
1 Introduction
The proof of the existence of universal Taylor series in one complex variable ([3],
[10], [14]), [12] and [8], [6], [15], [9] is based on Mergelyan’s theorem [17]. In several
complex variables approximation theory is less developed and there is no satisfactory
Mergelyan’s theorem. In consequence there are only a few theorems for the existence
of some kind of universal Taylor series in several variables ([2], [4]). Recently, during a
Research in pairs program at the Institute of Oberwolfach [5] a new Mergelyan’s type
theorem was obtained for products of compact planar sets. In particular, if K1, . . . ,Kd
are compact subsets of the plane C with connected complements C−Ki, i = 1, . . . , d,
then there is a Mergelyan’s type theorem for the product K = K1 × · · · ×Kd. Every
function f : K → C continuous on K and such that f ◦ Φ is holomorphic on the
disk D ⊂ C for every injective holomorphic mapping Φ : D → K, is uniformly
approximated on K by polynomials of d complex variables. Using the above fact, we
prove in the present paper generic universality of Taylor series on products of planar
simply connected domains Ωi, i = 1, . . . , d, where the universal approximation is valid
on products of planar compact sets Ki, i = 1, . . . , d where C−Ki are connected and for
at least one i0 the set Ki0 is disjoint from Ωi0 . The approximation is realized by partial
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sums of the Taylor development of the generic universal function on Ω =
d∏
i=1
Ωi. There
are a lot of ways to enumerate all the monomials of a Taylor expansion in severable
variables. We prove that for any such enumeration there exist Universal Taylor Series
and their set is Gδ and dense in the space H(Ω) of holomorphic functions on Ω endowed
with its natural Fre´chet topology. Choosing appropriately the above enumeration we
can obtain the universal approximation using spherical partial sums (n21+· · ·+n
2
d ≤ N
2)
or partial sums in a rectangular shape (max(n1, . . . , nd) ≤ N) etc. We show that there
is no holomorphic function on Ω, which is universal with respect to all enumerations.
The method of our proof is by using the abstract theory of universal series ([13], [1])
which is based on Baire’s Category theorem. For the use of Baire’s theorem in analysis
we refer to [8], [6].
2 Abstract Theory of universal series
We now introduce some context from [1], which will be of significant help towards
our results. Let us assume that (Xτ ), τ ≥ 1 is a sequence of metrizable topological
vector spaces over the field K (K = C or K = R), equipped with translation - invariant
metrics ρτ . Denote by E a complete metrizable topological vector space, with topology
induced by a translation - invariant metric d. Let Lm, m ≥ 1 be an increasing sequence
of non-empty compact subsets of the metric space L =
⋃
m≥1
Lm and ξ0 a distinguished
element of L1. Suppose that for any n ∈ N, we have continuous maps
en : L → E, xτ,n : L → Xτ and ϕn : L× E → K.
Let G denote the set of sequences in KN with finitely many non-zero elements and let
us make the following assumptions:
i) The set {ga : a ∈ G} is dense in E and ga =
∞∑
j=0
ajej(ξ0), where a =
(
aj
)∞
j=0
.
ii) For every a ∈ G and every ξ ∈ L, the sets {n : ϕn(ξ, ga) 6= 0} are finite and
uniformly bounded with respect to ξ ∈ Lm for any m ≥ 1.
iii) For every a ∈ G and ξ ∈ L:
∞∑
j=0
ϕj(ξ, ga)ej(ξ) =
∞∑
j=0
ajej(ξ0).
iv) For every a ∈ G, ξ ∈ L and τ ≥ 1:
∞∑
j=0
ϕj(ξ, ga)xτ,j(ξ) =
∞∑
j=0
ajxτ,j(ξ0).
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Definition 2.1. Let µ be an infinite subset of {0, 1, 2, . . .}. Under the above assump-
tions, an element f ∈ E belongs to the class UµE,L, if, for every τ ≥ 1 and every x ∈ Xτ ,
there exists a sequence λ = (λn) ⊂ µ, such that, for every m ≥ 1 we have
i) sup
ξ∈Lm
ρτ
( λn∑
j=0
ϕj(ξ, f)xτ,j(ξ), x
)
→ 0 as n → +∞, for every τ ≥ 1.
ii) sup
ξ∈Lm
d
( λn∑
j=0
ϕj(ξ, f)ej(ξ), f
)
→ 0 as n → +∞.
In the case µ = {0, 1, 2, . . .} we write UE,L instead of U
µ
E,L.
Remark 2.2. In Definition 2.1 it is equivalent to require that the sequence λ = (λn) ⊂
µ is strictly increasing [19].
Theorem 2.3. [1].
Under the above assumptions, the following are equivalent.
1) For every τ ≥ 1, every x ∈ Xτ and every ε > 0, there exists n ∈ N and
a0, a1, . . . , an ∈ K so that
ρτ
( n∑
j=0
ajxτ,j(ξ0), x
)
< ε and d
( n∑
j=0
ajej(ξ0), 0
)
< ε.
2)For any increasing sequence µ of positive integers the set UµE,L is a dense - Gδ
subset of E and UµE,L ∪ {0} contains a dense subspace of E.
3 The function Algebra AD(K) and two approximation
lemmas
In this section we present some new results from [5] which will be useful later on.
Definition 3.1. [5]
Recalling that a mapping from a planar domain to Cd is holomorphic, if each coordinate
is a complex valued holomorphic function, we define the algebra AD(K) as the set of
all functions f : K → C, where K is compact in Cd, that are continuous on K and
such that, for every disc D ⊂ C and every holomorphic mapping ϕ : D → K ⊂ Cd,
the composition f ◦ ϕ : D → C is holomorphic.
Lemma 3.2. [5]
Let K =
d∏
i=1
Ki, where Ki ⊂ C is compact, with C −Ki connected. If f ∈ AD(K) and
ε > 0, then there exists a polynomial P such that sup
z∈K
|f(z)− P (z)| < ε.
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Lemma 3.2 is part of a result in [5], Remark 4.9 (3). Furthermore, from the same
paper, we also have the following lemma (See Prop. 2.8 of [5]).
Lemma 3.3. [5]
Let K be as in Lemma 3.2. If f is holomorphic on a neighborhood of K, I is a finite
subset of Nd and ε > 0, there exists a polynomial Q such that:
sup
z∈K
∣∣∣∣ ∂a1+···+ad∂a1z1 ∂a2z2 · · · ∂adzd (f −Q)(z)
∣∣∣∣ < ε
for every a = (a1, a2, . . . , ad) ∈ I.
4 H(Ω) universal Taylor series on products of planar do-
mains
Let Ω ⊆ Cd be an open set, ζ = (ζ1, ζ2, . . . , ζd) a point of Ω and Nj, j = 0, 1, 2, . . .
be an enumeration of Nd, where N = {0, 1, 2, . . .}, and denote the monomials by
(z − ζ)a = (z1 − ζ1)
a1 · · · (zd − ζd)
ad , where a = (a1, a2, . . . , ad). For f a holomorphic
function on Ω, we denote by a(f, ζ) the coefficient of (z − ζ)a in the Taylor expansion
of f with center ζ; that is,
a(f, ζ) =
1
a1!a2! · · · ad!
∂a
∂a1z1 · · · ∂
ad
zd
f(ζ).
Let
SN (f, ζ)(z) =
N∑
j=0
aNj (f, ζ)(z − ζ)
Nj .
Theorem 4.1. Let Ωi ⊆ C simply connected domains, i = 1, 2, . . . , d and Ω =
d∏
i=1
Ωi.
Fix ζ0 ∈ Ω and the enumeration Nj as above. Let µ be an infinite subset of N . There
exists a holomorphic function f ∈ H(Ω) such that for every compact sets Ki ⊆ C −Ωi
with C − Ki connected and every h ∈ AD
( d∏
i=1
Ki
)
, there exists a strictly increasing
sequence λn ∈ µ, n = 1, 2, . . . such that
Sλn(f, ζ
0)(z) → h(z) uniformly on
d∏
i=1
Ki and
Sλn(f, ζ
0)(z) → f(z) uniformly on compacta of Ω as n → +∞.
Furthermore, the set of such f ∈ H(Ω) is a dense-Gδ subset of the space H(Ω) of holo-
morphic functions on Ω endowed with the topology of uniform convergence on compacta
and contains a dense vector subspace except 0.
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Proof. According to Remark 2.2 it is not necessary to prove λn < λn+1; it suffices that
λn ∈ µ for all n.
It is known [15], [12], that when Ωi is a (simply connected) domain in C, there can
be found compact sets Ki,1,Ki,2,Ki,3, . . . in C−Ωi, with C−Ki,j connected, such that
for every K compact set in C − Ωi, with C −K connected there exists j : K ⊆ Ki.j.
Let Kτ , τ = 1, 2, . . . be an enumeration of all
d∏
i=1
Ki, ji where ji ∈ {1, 2, . . .}. We notice
that, if we have the theorem for compact sets K of the form Kτ , we also have it for
every K =
d∏
i=1
Ti, where Ti are compact sets in C −Ωi, with C − Ti connected. Indeed
let us suppose that the function f ∈ H(Ω) satisfies the theorem for compact sets K of
the form Kτ and h ∈ AD
( d∏
i=1
Ti
)
. Let ε > 0. By Lemma 3.2, there exists a polynomial
P such that sup
z∈
d∏
i=1
Ti
|P (z) − h(z)| <
ε
2
. By definition of the sets Kτ , we can also find
τ ∈ N , such that
d∏
i=1
Ti ⊆ Kτ . If d is the standard metric in H(Ω), inducing the
topology of uniform convergence on compacta of Ω, there exists λ ∈ µ such that
d(Sλ(f, ζ
0), f) < ε and sup
z∈Kτ
|Sλ(f, ζ
0)(z) − P (z)| <
ε
2
.
The result follows by the triangular inequality.
We proceed now to prove the result for the compact sets Kτ , τ = 1, 2, . . .. Following the
notation of Section 2, we set Xτ = AD(Kτ ), E = H(Ω), Lm = {ζ0} for every m ∈ N
and ξ0 = ζ0. Take en(ξ) = xτ,n(ξ) = (z → (z − ξ)
Nn) and ϕn(ξ, f) = aNn(f, ξ). One
can easily check that conditions i), ii), iii) and iv) of § 2 are verified. Thus, according
to Theorem 2.3, it suffices to show that, for every τ ≥ 1, g ∈ AD(Kτ ), every ε > 0, and
L˜ ⊆ Ω compact, there exists a polynomial P such that
sup
z∈Kτ
|P (z)− g(z)| < ε, and
sup
z∈L˜ |P (z)| < ε.
Since Ω is a product of simply connected domains Ωi ⊂ C, without loss of generality,
we can assume that L˜ =
d∏
i=1
L˜i, where L˜i ⊂ Ωi is compact and C− L˜i is connected [17].
Since g ∈ AD(Kτ ), according to Lemma 3.2, there exists a polynomial g˜, such
that sup
z∈Kτ
|g(z) − g˜(z)| <
ε
2
. Denote also Kτ =
d∏
i=1
Ki,ji . We define the function
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h :
d∏
i=1
(L˜i ∪Ki,ji) → C as follow:
h(z) = g˜(z) for z ∈
d∏
i=1
Ki,ji
h(z) = 0 for z ∈
[ d∏
i=1
(L˜i ∪Ki,ji)
]
\
d∏
i=1
Ki,ji
We notice that g˜, being a polynomial, is everywhere defined. Therefore, other functions
h could be defined, as well.
Since the function h is holomorphic on a neighborhood of
d∏
i=1
(Ki,ji ∪ L˜i), it follows
easily that h ∈ AD
( d∏
i=1
(L˜i ∪Ki,ji)
)
.
The result follows from Lemma 3.2 applied for
ε
2
and the triangular inequality. 
Theorem 4.2. Under the assumptions and notation of Theorem 4.1, there exists a
holomorphic function f ∈ H(Ω), such that for every compact sets Ki ⊆ C − Ωi with
C−Ki connected and every h ∈ AD
( d∏
i=1
Ki
)
, there exists a strictly increasing sequence
λn ∈ µ such that for every compact set L˜ ⊂ Ω we have
sup
z∈
d∏
i=1
Ki,ζ∈L˜
|Sλn(f, ζ)(z)− h(z)| → 0 and
sup
ζ∈L˜,z∈L˜
|Sλn(f, ζ)(z)− f(z)| → 0 as n → +∞.
Furthermore, the set of such functions f ∈ H(Ω) is a dense - Gδ subset and contains
a dense vector subspace except 0.
Proof. The proof is similar to the proof of Theorem 4.1. The only difference is that
when we apply the abstract theory of § 2 we do not set Lm = L = {ζ0} but we set
L = Ω, Lm, m = 1, 2, . . . an exhausting family of compact subsets of Ω, where each Lm
is a product of planar compact sets with connected complements and ζ0 an arbitrary
element of L1. 
For the next two theorems we will need a new definition.
Definition 4.3. Let K be a compact set of Cd. We note by O(K), the set of functions g
holomorphic on an open set Vg such that K ⊂ Vg ⊂ C
d. The topology of the space O(K)
is the Fre´chet topology defined by the denumerable family of seminorms sup
ζ∈K
|Da(ζ)|,
where Da varies in the denumerable set of all differential operators of mixed partial
derivatives in ζ = (ζ1, ζ2, . . . , ζd). We denote by ρ the corresponding metric.
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Theorem 4.4. Under the assumptions and notation of Theorem 4.1, there exists a
holomorphic function f ∈ H(Ω), such that, for every compact sets Ki ⊆ C − Ωi, with
C −Ki connected and every function h ∈ O
( d∏
i=1
Ki
)
, there exists a strictly increasing
sequence λn ∈ µ, n = 1, 2, . . ., such that for every differential operator D of mixed
partial derivatives with respect to z = (z1, z2, . . . , zd) we have
D(Sλn(f, ζ
0))(z) → D(h)(z) uniformly on
d∏
i=1
Ki and
Sλn(f, ζ
0)(z) → f(z) uniformly on compacta of Ω as n → +∞.
Furthermore, the set of such f ∈ H(Ω) is a dense - Gδ subset of the space H(Ω) and
contains a dense vector subspace except 0.
Proof. We keep the notation of the compact sets Kτ , as in the proof of Theorem 4.1.
We notice, that if we have the theorem for compact sets K of the form Kτ , we also
have it for every K =
d∏
i=1
Ti, where Ti is compact in C − Ωi, with C − Ti connected.
Indeed let us assume that the function f ∈ H(Ω) satisfies the theorem for compact
sets K of the form Kτ and let h ∈ O
( d∏
i=1
Ti
)
. Let ε > 0. By Lemma 3.3 there exists
a polynomial P such that ρ(P, h) <
ε
2
, where ρ is the metric in O
( d∏
i=1
Ti
)
, (Definition
4.3). By the definition of the sets Kτ , we can also find τ ∈ N , such that
d∏
j=1
Tj ⊆ Kτ .
If d is the standard metric in H(Ω), inducing the topology of uniform convergence on
compacta of Ω, there exists λ ∈ µ such that
d(Sλ(f, ζ
0), f) < ε and
ρ(Sλ(f, ζ
0), P ) <
ε
2
.
The result follows by the triangular inequality.
We proceed now to prove the result for the compact sets Kτ , τ = 1, 2, . . . . Following
the notation of Section 2, we set Xτ = O(Kτ ), E = H(Ω), Lm = {ζ0} for every m ∈ N
and ξ0 = ζ0. One can easily check that conditions i), ii), iii) and iv) of § 2 are verified.
Thus, according to Theorem 2.3 it suffices to show for every τ ≥ 1, g ∈ O(Kτ ), every
ε > 0, and L˜ ⊆ Ω compact, there exists a polynomial P such that
ρ(P, g) < ε and sup
z∈L˜
|P (z)| < ε, where ρ is the metric of O(Kτ ).
Since Ω is a product of simply connected domains Ωi ⊂ C, without loss of generality,
we can assume that L˜ =
d∏
i=1
L˜i, where L˜i ⊂ Ωi is compact and C− L˜i is connected [17].
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Since g ∈ O(Kτ ), according to Lemma 3.3, there exists a polynomial g˜, such that
ρ(g, g˜) <
ε
2
. Denote also Kτ =
d∏
i=1
Ki,ji . We define the function
h :
d∏
i=1
(L˜i ∪Ki,ji) → C as follows
h(z) = g˜(z) for z ∈
d∏
i=1
Ki,ji
h(z) = 0 for z ∈
[ d∏
i=1
(L˜i ∪Ki,ji)
]
\
d∏
i=1
Ki,ji .
We notice that g˜ is everywhere defined, because it is a polynomial. Therefore, other
functions h could also be defined, as well.
Since the function h is holomorphic on a neighborhood of
d∏
i=1
(L˜i ∪Ki,ji), it follows
by Lemma 3.3, that there exists a polynomial P such that ρ′(h, P ) <
ε
2
where ρ′ is the
metric of O
( d∏
i=1
(Ki,ji ∪ L˜i)
)
. Thus, we also have
ρ(h, P ) <
ε
2
and sup
z∈L˜
|P (z)− h(z)| <
ε
2
.
The result follows by the triangular inequality. 
Theorem 4.5. Under the assumptions and notation of Theorem 4.2, there exists a
holomorphic function f ∈ H(Ω), such that for every compact sets Ki ⊆ C − Ωi, with
C −Ki connected and every function h ∈ O
( d∏
i=1
Ki
)
, there exists a strictly increasing
sequence λn ∈ µ, n = 1, 2, . . ., such that for every differential operator D of mixed
partial derivatives with respect to z = (z1, z2, . . . , zd) and for every compact set L˜ ⊆ Ω
we have that
sup
ζ∈L˜,z∈
d∏
i=1
Ki
|D(Sλn(f, ζ))(z) −D(h)(z)| → 0 and
sup
ζ∈L˜,z∈L˜
|Sλn(f, ζ)(z)− f(z)| → 0 and as n → +∞.
Furthermore, the set of such functions f ∈ H(Ω) is a dense - Gδ subset of the space
H(Ω) and contains a dense vector subspace except 0.
Proof. The proof is similar to the proof of Theorem 4.4. The only difference is that
we do not set Lm = L = {ζ0} but we set L = Ω, Lm, m = 1, 2, . . . an exhausting
family of compact subsets of Ω, where each Lm is a product of planar compact sets
with connected complements and ζ0 an arbitrary element of L1. 
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Remark 4.6. We note that the previous theorems have been shown for products of
compact sets Ki, where C−Ki are connected and Ki is contained in C−Ωi. However,
without any particular effort, the previous theorems are also valid for products of
compact sets Ki, where C−Ki are connected and there exists at least one i0, such that
Ki0 is contained in C−Ωi0 . This is equivalent to say that C−Ki is connected and the
product of Ki is disjoint from the product of Ωi. The proof in this case is the same ,
except from the part where the function h is defined. For every i 6= i0 there exists a
disc Bi in C, such that Li ∪Ki is contained in Bi.The function h in this case should be
defined as a function h :
∏
Si → C, where Si = Bi for i 6= i0 and Si0 = Li0 ∪Ki0 . We
set h(z) = g˜(z) for z in the product of Bi for i 6= i0 and Ki0 , and h(z) = 0 for z in the
product of Bi for i 6= i0 and Li0 . We notice that g˜, being a polynomial, is everywhere
defined.
5 Smooth universal Taylor series
For Ω ⊆ Cd open, we denote A∞(Ω), the set of all holomorphic functions f ∈
H(Ω), such that for every differential operator D of mixed partial derivatives in z =
(z1, z2, . . . , zd), the function Df has a continuous extension on Ω. The topology of the
space A∞(Ω) is the Fre´chet topology defined by the denumerable family of seminorms
sup
ζ∈Ω,|ζ|≤n
|Df(ζ)|, where n ∈ {1, 2, . . .} and D varies in the denumerable set of all
differential operators of mixed partial derivatives in ζ = (ζ1, ζ2, . . . , ζd). We notice that
for ζ ∈ ∂Ω, Df(ζ) is defined by continuity of Df in Ω.
Let P be the set of all polynoomials in d variables and X∞(Ω) be the closure of P
in A∞(Ω).
Theorem 5.1. Under the assumptions of Theorem 4.1, we also assume that C−Ωi is
connected for each i = 1, . . . , d. Then there exists a holomorphic function f ∈ X∞(Ω),
such that, for every compact sets Ki ⊂ C − Ωi, with C − Ki connected and every
h ∈ AD
( d∏
i=1
Ki
)
, there exists a strictly increasing sequence λn ∈ µ, n = 1, 2, . . . such
that
Sλn(f, ζ
0)(z) → h(z) uniformly on
d∏
i=1
Ki and
Sλn(f, ζ
0)(z) → f(z) in the topology of A∞(Ω) as n → +∞.
Furthermore, the set of such functions f ∈ X∞(Ω) is a dense - Gδ subset and contains
a dense vector subspace except 0.
Proof. It is known [3], [11] and [9] that there exists a sequence of compact sets Kij ,
j = 1, 2, . . . in C − Ωi, such that C − Ki,j is connected and for every K compact in
C − Ωi, with C −K connected, there exists j ≥ 1 such that K ⊆ Ki,j . Let Kτ be an
10 Universal Taylor Series on products of planar domains
enumeration of all
d∏
i=1
Ki,ji . We notice, that if we have the theorem for the compact
sets K of the form Kτ , we also have it for every K =
d∏
j=1
Tj , where Ti is compact in
C − Ωi, with C − Ti connected. Indeed, let f ∈ X
∞(Ω) satisfy the theorem for the
compact sets K of the form Kτ and h ∈ AD
( d∏
j=1
Tj
)
. Let ε > 0. By Lemma 3.2, there
exists a polynomial P such that sup
z∈
d∏
j=1
Tj
|P (z) − h(z)| <
ε
2
. By definition of the sets
Kτ , we can also find τ ∈ N , such that
d∏
j=1
Tj ⊆ Kτ . If d is the metric of A
∞(Ω), there
exists λ ∈ µ such that
d(Sλ(f, ζ
0), f) < ε and
sup
z∈Kτ
|Sλ(f, ζ
0)(z) − P (z)| <
ε
2
.
The result follows by the triangular inequality. We proceed now to prove the result for
the compact sets Kτ .
Following the notation of Section 2, we set Xτ = AD(Kτ ), E = X
∞(Ω), Lm = {ζ0}
for every m ∈ N and ξ0 = ζ0. One can easily check that conditions i), ii), iii) and iv)
of § 2 are verified. Thus, according to Theorem 2.3, it suffices to show that for every
τ ≥ 1, g ∈ AD(Kτ ), every ε > 0, every finite set F of mixed partial derivatives in
z = (z1, z2, . . . , zd) and every finite sequence S = {nℓ} ⊂ N, there exists a polynomial
P such that
sup
z∈Kτ
|P (z)− g(z)| < ε and
sup
ζ∈Ω,|ζ|≤nℓ
|Dℓ′(P )(ζ)| < ε for Dℓ′ ∈ F, nℓ ∈ S.
Let N be the maximum of the finite sequence nℓ. It obviously suffices to show that if
L˜ = Ω ∩ {z ∈ Cd : |z| ≤ N}, then
sup
z∈Kτ
|P (z) − g(z)| < ε and sup
z∈L˜
|Dℓ′(P )(z)| < ε for Dℓ′ ∈ F.
Since g ∈ AD(Kτ ), there exists, by Lemma 3.2, a polynomial g˜, such that sup
z∈Kτ
|g˜(z)−
g(z)| <
ε
2
. Moreover, since Ω =
d∏
j=1
Ωj, without loss of generality, we can assume
that L˜ =
d∏
j=1
L˜j, where L˜j ⊂ Ωj is compact and C − L˜j is connected. Denote also
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Kτ =
d∏
i=1
Ki,ji . We define the function h :
d∏
i=1
(L˜i ∪Ki,ji) → C as follows:
h(z) = g˜(z) for z ∈
d∏
i=1
Ki,ji
h(z) = 0 for z ∈
[ d∏
i=1
(L˜i ∪Ki,ji)]\
d∏
i=1
Ki,ji .
We notice that g˜, being a polynomial, is defined everywhere. Thus, other definitions of
the function h would also be possible.
Since the function h is holomorphic on a neighborhood of
d∏
i=1
(L˜i ∪Ki,ji), it follows
by Lemma 3.3, that there exists a polynomial P such that
sup
z∈
d∏
i=1
(L˜i∪Ki,ji )
|P (z)− h(z)| <
ε
2
and
sup
z∈
d∏
i=1
(L˜i∪Ki,ji )
|Dℓ′(P )(z) −Dℓ′(h)(z)| <
ε
2
for Dℓ′ ∈ F.
The result follows by the triangular inequality. 
We notice that for a function f ∈ X∞(Ω) it make sense to write Sλ(f, ζ)(z) even if
ζ ∈ ∂Ω because of the continuous extension of the partial derivatives of f .
Theorem 5.2. Under the assumptions of Theorem 5.1, there exists a holomorphic
function f ∈ X∞(Ω), such that, for every compact sets Ki ⊆ C − Ωi, with C − Ki
connected and every h ∈ AD
( d∏
i=1
Ki
)
, there exists a strictly increasing sequence λn ∈ µ,
n = 1, 2, . . ., such that, for every compact set L˜ ⊂ Ω we have
sup
z∈
d∏
i=1
Ki,ζ∈L˜
|Sλn(f, ζ)(z)− h(z)| → 0 and
sup
ζ∈L˜
d(Sλn(f, ζ), f) → 0 as n → +∞, where d is the metric of A
∞(Ω).
Furthermore, the set of such functions f ∈ X∞(Ω) is a dense - Gδ subset and contains
a dense vector subspace except 0.
Proof. The proof is similar to the proof of Theorem 5.1. The only difference is that
we do not set Lm = L = {ζ0} but we set L = Ω, Lm =
d∏
i=1
Li,m where Li,m = Ωi∩{z ∈
C : |z| ≤ m} and let ζ0 be an arbitrary point of L1. 
Remark 5.3. A sufficient condition for the simply connected domains Ωi satisfying
that C − Ωi is connected, so that X
∞(Ω) = A∞(Ω) is that there exists Mi < +∞ so
that, for every A,B ∈ Ωi, there exists a curve γ in Ωi joining A and B with length
(γ) ≤Mi [16]; see also [18] and [7].
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Remark 5.4. We note that the previous theorems have been shown for products of
compact sets Ki, where C−Ki are connected and Ki is contained in C−Ωi. However,
without any particular effort , the previous theorems are also valid for products of
compact sets Ki, where C−Ki are connected and there exists at least one i0, such that
Ki0 is contained in C − Ωi0 . The alteration of the proof is similar to that of Remark
4.6.
6 Universal Taylor series with respect to several enumer-
ations
It is an obvious fact that due to Baire’s theorem , for every denumerable family
of enumerations of the set of mononyms ,the set of unviersal series with respect to all
enumerations of this family is a Gδ dense set. From this arises the question whether
or not there exists a universal series with respect to all possible enumerations of the
mononyms.
The following theorem provides a negative answer to this question.
Theorem 6.1. With the notation of Theorem 4.1, for every holomorphic function
f ∈ H(Ω) there exists an enumeration N ′′j , such that the function f is not universal
with respect to the enumeration N ′′j .
Proof. Let z1 be an element of the product Ω of the sets Ωi and z2 outside Ω. Define
Aj , j ≥ 0 the sequence where Aj = aNj(f, z1)(z2− z1)
Nj for any arbitrary enumeration
Nj . Let now, Rj be the real part of Aj . The theorem is now proved if we take into
consideration the following lemma. 
Lemma 6.2. Let bn, n ≥ 0 a sequence of real numbers. Then, there exists a rearrange-
ment of Σbn such that its partial sums are not dense in R.
The proof of Lemma 6.2 is elementary and is omitted. We can also prove that the
partial sums of the rearrangement converges to some ℓ in [−∞,+∞].
We also notice that if we group together all the monomials of the same degree we
have a similar result for the series of homogenous terms.
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